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Refs for this week

I We are again loosely following Bondy and Murty, “Graph
Theory with Applications”, Chapters 2 & 3.

I For revision, look at sections 2.3, 3.1–3.3 on connectivity.
I Local copies will be kept on muele.mak.ac.ug.

muele.mak.ac.ug


Recap: trees and spanning trees

I What are the conditions for a graph to be a tree?
I What is the relationship between the number of edges ε

and number of vertices ν in a tree?
I How can you tell quickly if a simple, connected graph

contains any cycles?
I What is a spanning tree of a graph?



What strategy would you use to find your way through this
maze?



Connected components (1)
Looking at this graph, you can see that it is disconnected, with
three components...



Connected components (2)
In this graph, it’s not so clear.

How might you be able to work it out, given a list of the edges?
Is there any relationship with the maze problem?



Calculating whether a graph is connected

We might have information about which vertices are adjacent to
each other (e.g. an adjacency matrix), and want to find out: is
the graph connected?

For example, we could have information about whether a link is
up between different data centres. We want to know if any
centre can contact any other centre through the network, and
raise an alarm if it becomes disconnected.



Depth first search

Start with any vertex, and label it ‘1’.

If there is an adjacent vertex, label it ‘2’.

If there is an unlabelled vertex adjacent to ‘2’, label it ‘3’, and so
on. . .

Each time we traverse an edge, label it as used. Whenever we
run out of adjacent vertices, we retrace our steps back to a
lower numbered vertex.

If we label a vertex N (the number of vertices in the graph), then
the graph is connected. If we get back to vertex ‘1’ with no
more unused edges, and no vertex has been labelled N, then
the graph is disconnected.



Practical: finding connected components

Look at the file pairs.txt on muele. Copy and paste into the
Python interpreter.
G is a graph object.

n = G.nodes() gives a list of all the nodes in G.

a = nx.dfs_preorder(G,1) gives all the nodes found by
doing DFS on G starting from node 1.

You can then give commands like

print a
print len(a)
a.sort()

Find out how many components are there in the graph, and
what size they are.



Cut edges

An edge of a graph is a cut edge is removing it disconnects the
graph.

In a tree, every edge is a cut edge (because there are no
cycles).



Cut edges

An edge of a graph is a cut edge is removing it disconnects the
graph.

In a tree, every edge is a cut edge (because there are no
cycles).



Cut vertices

I A vertex v is a cut vertex of a graph if the set of edges E
can be partitioned into two sets {E1,E2} which only have v
in common.

I Intuitively, removing a cut vertex disconnects a graph.



Blocks

I A block is a connected graph which has no cut vertices.
I A block of a graph is a maximal subgraph with no cut

vertices.
I Exercise for next week: think of an algorithm to find the

blocks in a graph.



Some confusing terminology

I An edge cut is a subset of the edges of a graph, such that
removing them disconnects the graph.

I A vertex cut is a subset of the vertices of a graph, such
that removing them disconnects the graph.

I Don’t get confused with cut edges and cut vertices!
I Cut edges are sometimes referred to as bridges.



Connectivity

I The connectivity κ(G) is the smallest k for which there is a
k -vertex cut in G.

I In a communications network, for example, this would tell
us how resilient the network is: k nodes have to be
removed before there is any disconnection.



Edge connectivity

I The edge connectivity κ′(G) is a similar concept for the
smallest number of edges which can be removed to
disconnect a graph.

I We say a graph is k -edge connected if it takes k edges to
be removed from the graph to disconnect it.

I So this is another measure of how strongly connected the
graph is.



Designing good networks

I Last week we talked about designing networks (e.g. of
roads or computers) which most efficiently connect all
points.

I What if we also want to make these networks reliable?
I We might want to add extra links to improve reliablility, but

where is the best place to put them?



Exercise: designing a resilient network

A network of 8 computers is to be constructed, such that any 4
computers can fail but all the others remain connected. Find
the graph of an efficient solution.



General solution for even edge-connectivity

Where the desired connectivity m is even, we have r = m/2.

If the vertices are numbered 0 · · ·N, there should be an edge
between vertex i and vertex j if

i − r ≤ j ≤ i + r (1)

(If the desired connectivity is odd, see the solutions in Bondy
and Murty, p48.)


