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Colourings

I An edge colouring of a graph C is an assignment of k
colours to the edges of the graph.

I In a proper colouring, no two adjacent edges are the same
colour.

I If G can be coloured with k colours, then we say it is
k-edge-colourable.

I If k is the minimum number of colours for which this is
possible, the graph is k-edge-chromatic.

I In this case, k is the edge chromatic number, χ′(G).



A colouring as a set of matchings

I Think of a colouring as a partitioning of the edges into
subsets.

I Each subset contains no vertex no more than once.
I Therefore each subset is a matching.



What’s the smallest edge colouring?

I χ′(G) can’t be less than the largest degree in the graph ∆.
I It also cannot be more than ∆ + 1 (Vizing’s theorem).
I Therefore χ′(G) is always equal to either ∆ or ∆ + 1.

The general problem of classifying whether the edge chromatic
number of any graph is ∆ or ∆ + 1 remains unsolved. But there
are some known special cases:

I A bipartite graph is always ∆-edge-chromatic.
I A complete graph Kn has an edge chromatic number of ∆

is n is even, otherwise ∆ + 1.



Edge colouring in the Petersen graph
Show that this graph is 4-edge-chromatic:



Timetabling problem

I M teachers have to teach N classes.
I Every week, teacher Ti has to teach class Cj a total of tij

times.
I We need to work out what the most efficient timetable is.
I How can this problem be represented as a graph?
I How does edge colouring relate to this problem?



Finding an edge colouring

How might an algorithm to find a good edge colouring work?



Simple solution: greedy colouring

1. Put the edges in the graph in some order (e.g. highest
degree first).

2. For each edge, look at any colourings in neighbouring
edges. Assign the lowest available colour-number.



Latin squares problem

A Latin square of size N is an N × N matrix of numbers. In this
matrix, every row and column contains all of the numbers
1, . . . ,N exactly once.

3 1 2
2 3 1
1 2 3

How can a Latin square be constructed by looking at an edge
colouring of the bipartite graph KN,N with N colours?

(KN,N is the bipartite graph in which there are two sets of
vertices X and Y , each with N vertices. Each vertex in X is
connected to every vertex in Y , and vice versa.)



Solution

For the N × N matrix A.

If the edge (xi , yk ) of the bipartite graph KN,N has been
coloured j , then Aij = k .

A is then a Latin square.



Lucas schoolgirls problem

There are 2n schoolgirls in a boarding school. Each morning
they walk to classes in pairs. Find the maximum number of
consecutive morning walks they can take such that each girl
forms a pair with every other girl exactly once.



Solution

The upper bound must be 2n − 1.

Construct a complete graph with 2n nodes.

The edge chromatic number is 2n − 1.

Therefore 2n − 1 walks are possible.



Vertex colouring

The colouring concept can also be applied to find vertex
colourings of a graph, where no two adjacent vertices should
share the same colour.



Colouring of planar graphs

A planar graph is one in which the edges do not cross when
drawn in 2D. These types of graphs can represent a map. The
problem of finding the number of colours needed to colour a
map has been called the “holy grail of graph theory”.

Timeline:

I Simple proof that no more than five colours are needed.
(Heawood, 1890)

I Enormously complicated computer-assisted proof for four
colours. (Appel and Hakken, 1976)

I Less complicated proof for four colours, using automated
theorem solvers (Robertson et al, 1997; Gonthier, 2005)

I Simple proof for four colours. (Makerere Graph theory
students, 2010)?
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